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Nuclear size correction to the Lamb shift of one-electron atoms
Vladimir A. Yerokhin
Center for Advanced Studies, St. Petersburg State Polytechnical University,
Polytekhnicheskaya 29, St. Petersburg 195251, Russia
The nuclear size effect on the one-loop self energy and vacuum polarization is evaluated for the
1s, 2s, 3s, 2p1/2, and 2p3/2 states of hydrogen-like ions. The calculation is performed to all orders
in the binding nuclear strength parameter Zα. Detailed comparison is made with previous all-order
calculations and calculations based on the expansion in the parameter Zα. Extrapolation of the
all-order numerical results obtained towards Z = 1 provides results for the radiative nuclear size
effect on the hydrogen Lamb shift.
PACS numbers: 31.30.jf, 12.20.Ds, 31.15.A-
Introduction
The distribution of charge of the nucleus influences the
Dirac energies of atomic systems as well as the quan-
tum electrodynamical corrections to the energy levels.
This effect, termed as the nuclear size (NS) correction,
is important for comparison of theoretical predictions
with experimental data for the whole range of the nu-
clear charges Z, from hydrogen (Z = 1) up to uranium
(Z = 92). The NS corrections to the one-loop self en-
ergy and vacuum polarization have been previously in-
vestigated both within the approach based on the expan-
sion in the nuclear binding strength parameter Zα [1–6]
(where α is the fine structure constant) and within the
numerical approach that accounts the parameter Zα to
all orders [7, 8]. In the high-Z region, the numerical all-
order approach provides accurate predictions for the NS
effect on the radiative corrections. For lower Z, however,
the NS effect diminishes and becomes increasingly more
difficult to identify in a numerical calculation. On the
contrary, the Zα-expansion approach provides accurate
predictions for the low-Z ions and only the qualitative es-
timates in the high-Z region. A quantitative cross-check
of the two complementary approaches is not simple and
has not been accomplished up to now.
The NS corrections became of particular interest re-
cently, after the results of the muonic hydrogen Lamb-
shift experiment were announced [9]. It turned out that
the value for the proton charge radius rp deduced from
the muonic hydrogen differs by five standard deviations
from the spectroscopic value of rp derived from the hy-
drogen atom. This unexplained disagreement stimulates
the scientific community to double-check all contribu-
tions originating from the nuclear charge distribution,
both for the muonic and normal atoms.
The aim of the present investigation is to perform an
accurate numerical all-order calculation of the NS cor-
rection to the one-loop self energy and vacuum polariza-
tion and to make a detailed comparison with the Zα-
expansion results available.
The relativistic units (m = ~ = c = 1) and the charge
units α = e2/(4pi) are used in this paper.
I. NS CORRECTION TO DIRAC ENERGY
The leading-order NS correction to the energy levels of
a hydrogen-like atom is defined as the difference of the
corresponding eigenvalues of the Dirac equation with the
point-Coulomb and the extended-nucleus potentials. The
two most commonly used models of the nuclear charge
distribution are the uniformly charged sphere (“sph”)
and the two-parameter Fermi (“Fer”) model,
ρsph(r) = ρ0 θ(Rsph − r) , (1)
ρFer(r) =
ρ0
1 + exp[(r − c)/a] , (2)
where Rsph =
√
5/3R is the radius of the sphere with
the root-mean-square (rms) radius R, c and a are the
parameters of the Fermi distribution, and ρ0 are the nor-
malization factors. The parameter a of the Fermi dis-
tribution is standardly fixed by a = 2.3/(4 ln 3) fm. For
a given value of the rms radius, the parameter c can be
determined by the simple approximate formula
c2 ≈ 5
3
R2 − 7
3
a2pi2 . (3)
In the calculations performed in this work, we will assume
that the parameter c of the Fermi distribution is fixed
exactly by the above formula.
For the uniformly charged sphere model, the Dirac
equation can be solved analytically [10]. In this case,
the NS correction to the Dirac energy is represented in
terms of the hypergeometric function. While the exact
expression is rather cumbersome, simple approximate ex-
pressions for the NS correction obtained in Ref. [10] are
highly useful. For the general model of the nuclear charge
distribution, the NS correction can be easily obtained
by numerical solution of the Dirac equation. Numerical
results are conveniently parameterized in terms of the
function GN(Zα,R), whose definition is inspired by the
2analytic relativistic results [10],
∆EN(ns) =
(Zα)2
n
(
2ZαRsph
n
)2γ
1
10
GN (Zα,R) ,
(4)
∆EN(np1/2) =
(Zα)4
n
(
2ZαRsph
n
)2γ
n2 − 1
40n2
GN (Zα,R) ,
(5)
where γ =
√
1− (Zα)2 and Rsph is the radius of the
sphere with the rms radiusR. The functionGN (Zα,R) is
a slowly varying function of Zα and R and its numerical
values are of order of unity.
The numerical results obtained for the NS correction
with the Fermi model of the nuclear charge distribution
are listed in Table I. The numerical evaluation was per-
formed by solving the Dirac equation with help of the
RADIAL package [11] and, independently, by using the
B-spline finite basis set method [12]. For calculations in
the low-Z region, the RADIAL package was upgraded
into the quadruple arithmetics (about 32 digits). The
values of the rms charge radii used were taken from the
compilation [13] for all ions except for uranium; the ura-
nium rms radius was taken from Ref. [14].
II. NS CORRECTION TO SELF ENERGY
The one-loop self-energy contribution to the Lamb
shift is given by a matrix element of the self-energy op-
erator with the mass renormalization part subtracted,
∆ESE =
〈
a
∣∣γ0Σ˜(εa)∣∣a〉 , (6)
where Σ˜(ε) = Σ(ε)−δm and δm is the mass counterterm.
The self-energy operator is [15]
Σ(ε,x1,x2) = 2iαγ
0
∫ ∞
−∞
dω Dµν(ω, x12)
× αµG(ε− ω,x1,x2)αν ,
(7)
where Dµν is the photon propagator, G is the Dirac-
Coulomb Green function, G(ε) = (ε − H)−1, H is the
Dirac-Coulomb Hamiltonian, and αµ = γ0γµ are the
Dirac matrices. The nuclear-size self-energy (NSE) cor-
rection is defined as the difference between the matrix
elements (6) evaluated with the point-Coulomb potential
and the potential of the extended-charge nucleus.
Numerical, all-order (in Zα) evaluation of the one-loop
self-energy correction have been extensively discussed in
the literature over past decades [8, 16–20], both for the
case of the point-Coulomb and extended-nucleus poten-
tials. In the present investigation, we employ the method
developed in our previous work [21] for the case of the
point nucleus. This method can be immediately extended
to a general (local and spherically-symmetrical) poten-
tial, provided that one can calculate the Green function
of the Dirac equation with this potential. (Beside the
full Green function, the one-potential Green function is
also needed in actual calculations.) In the present work,
we develop an efficient scheme of computation of the
Dirac Green function for a general potential, which is
described in Appendix A for the full Green function and
Appendix B for the one-potential Green function.
The main advantage of the method reported in
Ref. [21] is a fast convergence of the partial-wave expan-
sion of the matrix element (6). In the present work, we
calculate the difference between the point-nucleus and
extended-nucleus matrix elements. For this difference,
the partial-wave expansion converges even faster (espe-
cially, in the low-Z region) than for the self-energy cor-
rection. Because of this, we were able to significantly
improve numerical accuracy as compared to results pre-
viously reported in the literature.
Numerical results for the NSE correction to the energy
shift are usually parameterized in the same way as the
one-loop self-energy itself,
∆ENSE =
α
pi
(Zα)4
n3
FNSE(Zα,R) . (8)
Comparison of the present results with those by Mohr
and Soff [8] for the homogeneously charged sphere model
is given in Table II. Numerical results obtained in the
present work with the Fermi model of the nuclear charge
distribution are summarized in Table III.
The leading dependence of the NSE correction on R
and Zα can be conveniently factorized out in terms of
the first-order NS contribution ∆EN,
∆ENSE(njl) = ∆EN(n1/2l)
α
pi
GNSE(njl) , (9)
where ∆EN is given by Eqs. (4) and (5). An important
feature of this parametrization [6, 22] is that it involves
the full NS correction, rather than only the leading term
of its Zα expansion. With such choice of normalization,
GNSE is a slowly-varying function of Z and its depen-
dence on R is more tractable. Note that for the np3/2
reference state, Eq. (9) has ∆EN(np1/2) as a prefactor,
which was suggested in Ref. [6]. The Zα expansion of
the function GNSE has the form
GNSE(ns) = (Zα) a10 + (Zα)
2
[
alog ln
b
Rsph
+ a22 ln
2(Zα)−2 +O[ln(Zα)]
]
, (10)
GNSE(npj) = a01 ln(Zα)
−2 + a00
+ (Zα) a10 + (Zα)
2
[
alog δj,1/2 ln
b
Rsph
+ a21 δj,1/2 ln(Zα)
−2 +O(1)
]
, (11)
where b = exp[1/(2γ)− C − 5/6], γ =
√
1− (Zα)2, and
C is the Euler constant. Known results for the coeffi-
cients of the expansion are listed in Table IV. We note
3that the logarithmic a22 and a21 terms have not yet ap-
peared in the literature. It was, however, pointed out
by Pachucki [23] that such terms are present and that
the coefficients for the leading logarithms (ln2(Zα) for
ns states and ln(Zα) for np1/2 states) are the same as
for the self-energy correction to the hyperfine splitting.
Values of a00(np1/2) for n > 2 can be found in Ref. [5].
Comparison of the present numerical data for the func-
tion GNSE with the Zα-expansion results is given in three
upper graphs of Fig. 1. Note that for ns states, the ratio
GNSE(Zα)/(Zα) is plotted. The lower graphs in Fig. 1
depict the higher-order remainder (i.e., the contribution
beyond the known terms of the Zα expansion). For ns
states, the remainder does not approach a finite limit as
Z → 0 because it contains ln(Zα), as can be seen from
Eqs. (10) and (11).
In Fig. 2, the dependence of GNSE on the rms nuclear
charge radius R is studied, with the nuclear charge num-
ber fixed by Z = 92. We find that the R dependence of
our numerical data can be well approximated by a three-
parameter fit that includes lnR, as suggested by the Zα
expansion. More specifically, the following fitting func-
tions approximate the numerical data for Z = 92 in the
region R = 3–12 fm with the relative accuracy of better
than 2× 10−4 (with R expressed in fermi units),
GNSE(R; 1s) = −11.8768 + 1.2083 lnR+ 0.0191R,
(12)
GNSE(R; 2s) = −12.2394 + 1.2124 lnR+ 0.0220R,
(13)
GNSE(R; 3s) = −11.9131 + 1.2143 lnR+ 0.0218R,
(14)
GNSE(R; 2p1/2) = −9.4115+ 1.1759 lnR+ 0.0098R,
(15)
GNSE(R; 2p3/2) = −1.0145+ 0.0019 lnR+ 0.0033R.
(16)
III. NS CORRECTION TO VACUUM
POLARIZATION
The one-loop vacuum-polarization correction to the en-
ergy levels is usually represented as a sum of two parts,
the Uehling and the Wichmann-Kroll ones [15]. The
Uehling part of the vacuum polarization is given by the
expectation value of the potential
UUeh(r) = −2α
2Z
3mr
∫ ∞
0
dr′r′ρ(r′)
× [K0(2m|r − r′|)−K0(2m|r + r′|)] , (17)
where
K0(x) =
∫ ∞
1
dt e−xt
(
1
t3
+
1
2t5
) √
t2 − 1 , (18)
and the nuclear-charge density ρ is normalized by the
condition
∫
dr ρ(r) = 1. The energy shift due to the
Wichmann-Kroll part of the vacuum polarization can be
written as [7, 24]
∆EWK =
2α
pi
Re
∑
κ
|κ|
∫ ∞
0
dω
∫ ∞
0
r2dr
(
g2a + f
2
a
)
×
∫ ∞
r
dr′r′
(
1− r
′
r
)
TrG(2+)κ (iω, r
′, r′) ,
(19)
where ga and fa are the upper and the lower radial com-
ponents of the reference-state wave function, G
(2+)
κ is the
radial Dirac Green function that contains two and more
interactions with the binding field,
G(2+)κ (ω, x, y) =
∫ ∞
0
dz z2G(0)κ (ω, x, z)V (z)
×
[
Gκ(ω, z, y)−G(0)κ (ω, z, y)
]
,
(20)
Gκ is the radial part of the full Dirac Green function,
G
(0)
κ is the free Dirac Green function, and V (z) is the
binding potential. We note that Eq. (19) is valid both
for the point-nucleus and the extended-nucleus binding
potentials.
Calculations of the Wichmann-Kroll part of the one-
loop vacuum polarization were extensively discussed in
the literature over past decades [7, 24–26]. In the present
work, we perform calculations of the vacuum polariza-
tion, evaluating the integrations and the summation over
κ in the order specified by Eqs. (19) and (20). Compar-
ison of the numerical results obtained in this work for
the Wichmann-Kroll correction with those reported in
previous calculations [15, 25] is presented in Table V.
The nuclear-size vacuum-polarization (NVP) correc-
tion is defined as the difference between the one-
loop vacuum-polarization corrections evaluated with
the point-Coulomb potential and the potential of the
extended-charge nucleus. The NVP correction can be
parameterized in the same way as the one-loop radiative
corrections,
∆ENVP =
α
pi
(Zα)4
n3
FNVP(Zα,R) . (21)
The results of our numerical evaluation of the NVP cor-
rection for the 1s, 2s, 3s, 2p1/2, and 2p3/2 states of H-
like ions are presented in TableVI. The calculation is
performed for the Fermi model of the nuclear charge dis-
tribution. It is interesting to note that for the 2p3/2 state
and high nuclear charges, the correction coming from the
Wichmann-Kroll part of the vacuum polarization domi-
nates over the Uehling part.
The leading dependence of the NVP correction on R
and Zα can be conveniently factorized out in terms of
the first-order NS contribution ∆EN [6, 22],
∆ENVP(njl) = ∆EN(n1/2l)
α
pi
GNVP(njl) . (22)
4Note that similarly to the NSE correction, for the np3/2
reference state, Eq. (22) has the first-order NS correction
for the np1/2 state as a prefactor.
The Zα expansion of the function GNVP is given by
GNVP(ns) = (Zα) a10 + (Zα)
2
[
2
3γ
ln2
b
Rsph
+ a21 ln(Zα)
−2 + f(Zα,Rsph) +O(1)
]
,
(23)
GNVP(npj) = a00 + (Zα) a10 + (Zα)
2
[
2
3γ
δj,1/2 ln
2 b
Rsph
+ δj,1/2 f(Zα,Rsph) +O(1)
]
, (24)
where b = exp[1/(2γ)−C−5/6], γ =
√
1− (Zα)2, and C
is the Euler constant. The leading term of the expansion
for the s states was calculated long ago [1, 2]. All other
coefficients except a21 were derived in Refs. [4, 6]. The
logarithmic a21 term was pointed out by Pachucki [23];
the value of the coefficient is the same as for the vacuum-
polarization correction to the hyperfine splitting. The
results for the expansion coefficients are
a00(np1/2) = a00(np3/2) = −8/45 , (25)
a10(ns) = 3pi/4 , a10(np1/2) = 23pi/72 , a10(np3/2) = 5pi/72 ,
(26)
a21(ns) = 4/15 , (27)
and [6]
f(Zα,Rsph) =
1
3(Zα)2
[
−2 lnRsph − 5
3
+ pi tan(piγ)
+
2
3 + 2γ
+ 2ψ(−1− 2γ)
− pi
3/2(3 + 2γ)Γ(γ + 1)
40 sin(2piγ)(γ − 1)Γ(−1− 2γ)Γ(γ + 3/2)
× (2Rsph)2(1−γ)
]
. (28)
The function f(Zα,Rsph) has a finite limit as Zα → 0,
which is
f(0, Rsph) =
1
3
ln2Rsph +
(
−4
5
+
2
3
C
)
lnRsph
+
1
3
(
833
255
− 12
5
C + C2 − pi
2
12
)
. (29)
In Fig. 3, we compare the present numerical data for
the function GNVP with the Zα-expansion results sum-
marized above. We observe good agreement in all cases;
the higher-order remainder function exhibits a nearly lin-
ear dependence on the nuclear charge number.
In Fig. 4, we study the dependence of the function
GNVP on the rms nuclear charge radius R, with the nu-
clear charge number fixed by Z = 92. Similarly to the
NSE correction, we find that the R dependence of our
numerical data can be well approximated by a three-
parameter fit, whose form is suggested by the Zα ex-
pansion. More specifically, the following fitting functions
approximate the numerical data for Z = 92 in the region
R = 3–12 fm with the relative accuracy of better than
2× 10−4 (with R expressed in fermi units),
GNVP(R; 1s) = 15.3607 + 0.3459 ln
2R− 4.4325 lnR ,
(30)
GNVP(R; 2s) = 15.5292 + 0.3397 ln
2R− 4.4307 lnR ,
(31)
GNVP(R; 3s) = 15.4820 + 0.3396 ln
2R− 4.4321 lnR ,
(32)
GNVP(R; 2p1/2) = 14.3668 + 0.3673 ln
2R − 4.4346 lnR ,
(33)
GNVP(R; 2p3/2) = −0.02474− 0.000134R+ 0.000001R2 .
(34)
IV. RESULTS FOR HYDROGEN
In this section, we obtain all-order (in Zα) results for
the radiative nuclear size effect to the ground-state Lamb
shift in hydrogen. This task is complicated by the fact
that we are not able to perform calculations of the self-
energy and Wichmann-Kroll parts of the nuclear size ef-
fect directly for Z = 1. In the absence of a direct cal-
culation, we perform extrapolation of the numerical data
obtained for higher values of Z to Z = 1.
We start with the self energy. The data for the func-
tion GNSE(Z,R) plotted in Fig. 1 is not well suited for
extrapolation since individual points correspond to dif-
ferent values of the rms radius. Because of this, we repeat
our calculations for different nuclear charges and the rms
radius fixed by R = rp, where rp = 0.8768(69) fm is the
CODATA value of the proton charge radius [27]. We also
account for the fact that the Fermi model of the nuclear
charge distribution is not completely adequate for small
rms radii; the Gaussian model is employed instead, with
ρ(r) = ρ0 exp(−Λr2). The extrapolation is performed
for the higher-order remainder function,
Gh.o.NSE = [GNSE(num)−GNSE(ana)]/(Zα) , (35)
where GNSE(num) and GNSE(ana) denote the numerical
and analytical [Eq. (10)] values of the GNSE function. In
our extrapolation, we used 20 points with the nuclear
charges in the interval Z = 5− 30 and the same extrapo-
lation procedure as in Ref. [28]. Our result for hydrogen
is Gh.o.NSE(Z = 1) = 0.075(25).
The Uehling part of the NVP correction is calcu-
lated directly, with the result (for the Gaussian model)
GNVP,Ue(Z = 1) = 2.5835α. The Wichmann-Kroll
part is a small correction for hydrogen, its leading
contribution to GNVP being a constant term of order
(Zα)2. Similarly to the NSE correction, we obtain
5the result for hydrogen by extrapolation. The data to
be extrapolated is obtained by repeating our calcula-
tions for Z = 20 − 75, with the rms radius fixed by
R = rp and the nuclear charge distribution given by
the Gaussian model. The extrapolation is performed for
the ratio GNVP,WK/(Zα)
2. The result for hydrogen is
GNVP,WK(Z = 1) = −9.8(9)α2.
Summarising our calculations of the radiative nuclear
size effect to the 1s Lamb shift in hydrogen, we express
the results in the same form as in Ref. [27],
∆ENSE = α
2Z EN
[−3.1294(80)] , (36)
∆ENVP = α
2Z EN
[
0.8228− 0.0228(23)] , (37)
where EN = 2/3 (Zα)4R2 and the first and the sec-
ond terms in the brackets in Eq. (37) correspond to the
Uehling and Wichmann-Kroll parts. In order to esti-
mate the model dependence of our results, we evaluated
the Uehling part also within the exponential model, with
ρ(r) = ρ0 exp(−Λ r), and found a 0.2% deviation from
the Gaussian result.
The numerical constant terms in Eqs. (36) and (37)
can be compared with the Zα-expansion results. For the
self-energy, the leading-order term of the Zα expansion
is 4 ln 2 − 23/4 = −2.977, whereas all terms in Eq. (10)
yield the coefficient of −3.153. For the vacuum polar-
ization, the leading-order term is 3/4, whereas all terms
in Eq. (23) yield 0.827. We conclude that the higher-
order corrections increase the leading-order result for the
radiative nuclear size effect in hydrogen by 4.4%.
Conclusion
In the present investigation, we evaluate the nuclear
size correction to the Lamb shift of the 1s, 2s, 3s, 2p1/2,
and 2p3/2 states of hydrogen-like atoms. The treatment
is complete at the one-loop level, i.e., it includes the
leading-order effect as well as the one-loop radiative cor-
rections. The total nuclear size correction to the energy
level is represented, for the ns and np1/2 states, as
∆ENS = ∆EN
[
1 +
α
pi
(GNSE +GNVP)
]
, (38)
and, for the np3/2 states, as
∆ENS(np3/2) =∆EN(np3/2)
+ ∆EN(np1/2)
α
pi
(GNSE +GNVP) ,
(39)
where ∆EN is the nuclear size correction to the Dirac
energy. The all-order numerical values obtained for the
self-energy and vacuum-polarization functions GNSE and
GNVP were compared with results of the Zα-expansion
calculations. Inclusion of the logarithmic term of the rel-
ative order (Zα)2 ln2(Zα)−2 for ns states was necessary
in order to achieve agreement between different calcula-
tions. Extrapolation of the all-order data obtained for
hydrogen-like ions to Z = 1 provides an all-order result
for the radiative nuclear size effect on the ground-state
Lamb shift in hyrogen. The higher-order corrections are
shown to increase the leading-order result by 4.4%.
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Appendix A: Dirac Green function for a general
potential
In this section we construct the Green function of
the Dirac equation with the potential V (r) of a general
form. We assume that the potential V (r) differs from
the Coulomb one within a finite (inner) region only, i.e.,
there is r0 such that, for r > r0, V (r) = −Zα/r, with
Z ≥ 0. For our purposes, it is sufficient to consider the
potential to be regular at the origin, i.e., rV (r) → 0 as
r → 0. In the inner region r < r0, the combination
rV (r) is assumed to be well represented by a piecewise
cubic polynomial calculated on a sufficiently dense grid.
The radial Dirac Green function Gκ(E, r1, r2) is ex-
pressed in terms of the two-component solutions of the
radial Dirac equation regular at the origin
(
φ0κ
)
and the
infinity (φ∞κ ) as follows
Gκ(E, r1, r2) = − φ∞κ (E, r1)φ0
T
κ (E, r2) θ(r1 − r2)
− φ0κ(E, r1)φ∞
T
κ (E, r2) θ(r2 − r1) .
(A1)
The solutions are normalized by the condition that their
Wronskian is unity (everywhere except for the bound-
state energies),
φ0
T
κ (E, r)
(
0 −1
1 0
)
φ∞κ (E, r) = 1 . (A2)
In the present work, we obtain the radial solutions in
the inner region r < r0 by a numerical solution of the
Dirac equation on a grid, whereas in the outer region
r > r0, we express them as a combination of the ra-
dial solutions of the Dirac-Coulomb problem. The reg-
ular and irregular solutions of the Dirac equation with
the point-nucleus Coulomb potential will be denoted by
ψ0κ and ψ
∞
κ , respectively. They are known analytically
in terms of the Whittaker functions, see e.g., Ref. [15].
(Note the sign difference of the present definition of the
Green function as compared to that of Ref. [15].) In this
work, the Dirac-Coulomb solutions ψ0κ and ψ
∞
κ are eval-
uated by a generalization of the procedure described in
Ref. [20].
6TABLE I: Nuclear-size correction to the Dirac energies of H-like ions, in terms of the function GN(Zα,R) defined by Eq. (4).
Fermi model of the nuclear charge distribution is used.
Z R [fm] 1s 2s 3s 2p1/2
5 2.4059 1.000 46 1.000 71 1.000 23 1.001 73
8 2.7013 1.003 91 1.004 55 1.003 33 1.006 89
10 3.0053 1.006 57 1.007 58 1.005 67 1.011 17
15 3.1888 1.015 66 1.017 93 1.013 60 1.025 66
20 3.4764 1.028 67 1.032 74 1.024 91 1.046 42
26 3.7371 1.049 77 1.056 75 1.043 18 1.080 18
30 3.9286 1.067 32 1.076 73 1.058 28 1.108 52
40 4.2696 1.124 66 1.142 02 1.106 96 1.202 64
50 4.6543 1.203 59 1.232 01 1.172 31 1.337 09
60 4.9118 1.308 62 1.351 81 1.256 25 1.524 64
70 5.3115 1.445 02 1.507 15 1.359 74 1.784 78
82 5.5010 1.662 15 1.752 74 1.511 54 2.236 31
92 5.8569 1.896 75 2.013 31 1.655 09 2.785 73
100 5.8570 2.128 53 2.263 06 1.774 54 3.393 88
TABLE II: Different calculations of the nuclear-size self-energy correction to the energy levels of H-like ions, in terms of the
function FNSE(Zα,R) defined by Eq. (8), for the homogeneously charged sphere model.
Z R [fm] 1s 2s 2p1/2 Ref.
26 3.730 −0.000 172 122(4) −0.000 173 29(1) 0.000 000 972(2)
−0.000 172(1) −0.000 18(1) −0.000 00(1) [8]
54 4.826 −0.001 274 870(2) −0.001 461 69(1) −0.000 020 391(2)
−0.001 275(1) −0.001 462(1) −0.000 021(1) [8]
92 5.863 −0.018 491 8(8) −0.029 089 3(9) −0.002 482 76(8)
−0.018 492(1) −0.029 090(2) −0.002 483(1) [8]
The general calculational scheme is as follows. For a
given energy argument E, we calculate and store the so-
lutions ψ0κ and ψ
∞
κ on a radial grid {ri}Ni=1 and then
obtain the radial Green function for arbitrary radial ar-
guments by interpolation. Large number of the mesh
points (N ∼ 104) and a careful choice of the grid allow
us to minimize losses of accuracy due to interpolation. In
order to avoid numerical overflow (underflow) when stor-
ing the regular and irregular solutions for large imaginary
energies E and large κ, all manipulations are performed
with the “normalized” solutions in which the approxi-
mate large-r and small-r behaviour is pulled out,
φ˜0κ(E, r) = r
−|κ| e−cr φ0κ(E, r) , (A3)
φ˜∞κ (E, r) = r
|κ| ecr φ∞κ (E, r) , (A4)
where c =
√
1− E2. Advantages of the normalized solu-
tions are, first, that they are more suitable for interpo-
lation than the original solutions and, more importantly,
that they can be stored and manipulated within the stan-
dard double precision arithmetics (in the range of κ’s rel-
evant for the present investigation, up to |κ| ∼ 30).
In the inner region r < r0, we calculate the regular
solution φ0κ (or, rather, φ˜
0
κ) by solving the radial Dirac
equation on a grid as described in the following, starting
from r = 0 and up to r = r0. For r > r0, the potential is
the Coulomb one and the regular solution φ0κ is a linear
combination of the regular and irregular Dirac-Coulomb
solutions,
φ0κ(E, r) = aψ
0
κ(E, r) + b ψ
∞
κ (E, r) , r ≥ r0 . (A5)
The coefficients a and b are defined by the condition that
the two components of φ0κ are continuous at r = r0. So,
we determine the coefficients a and b by matching the nu-
merical and the analytical solutions at r = r0 and employ
the analytical Dirac-Coulomb functions for calculations
for r > r0.
The irregular solution φ∞κ in the outer region is just
the Dirac Coulomb function,
φ∞κ (E, r) = ψ
∞
κ (E, r) , r ≥ r0 . (A6)
So, we use the analytical representation for r ≥ r0. For
smaller r, the irregular solution is calculated by solving
the Dirac equation on a grid, downward from r = r0 to-
wards r = 0. The normalization of the numerical solution
is fixed by requiring continuity at the point r = r0.
We now turn to the problem of solving the Dirac equa-
tion with the potential V (r) on a grid. In this work,
we employ the power series solution method, previously
applied to the Dirac equation by Salvat et al. [11]. For
completeness, we give here the description of the method.
First, let us solve the equation on the interval [ra, rb]
with given boundary conditions at r = ra. The situation
7TABLE III: Nuclear-size self-energy correction to the energy levels of H-like ions, in terms of the function FNSE(Zα,R) defined
by Eq. (8). Fermi model of the nuclear charge distribution is used. The nuclear charge rms radii used are listed in Table I.
Z 1s 2s 3s 2p1/2 2p3/2
5 −0.000 009 962(6) −0.000 009 81(2)
8 −0.000 020 969(2) −0.000 020 53(1) 0.000 000 107(8)
10 −0.000 033 242(2) −0.000 032 54(1) −0.000 032 12(3) 0.000 000 201(4) 0.000 000 170(2)
15 −0.000 060 128(2) −0.000 059 10(1) −0.000 058 21(4) 0.000 000 412(2) 0.000 000 345(2)
20 −0.000 102 940(2) −0.000 102 06(2) −0.000 100 38(2) 0.000 000 699(2) 0.000 000 587(2)
26 −0.000 172 537(2) −0.000 173 71(3) −0.000 170 72(3) 0.000 000 976(2) 0.000 000 852(2)
30 −0.000 238 936(2) −0.000 243 68(3) −0.000 239 45(3) 0.000 001 021(2) 0.000 000 969(2)
40 −0.000 481 097(2) −0.000 511 07(2) −0.000 502 4(1) −0.000 000 726(2) 0.000 000 396(2)
50 −0.000 960 607(2) −0.001 075 22(2) −0.001 057 8(1) −0.000 010 544(2) −0.000 003 299(2)
60 −0.001 830 75(1) −0.002 183 28(2) −0.002 150 3(4) −0.000 046 025(4) −0.000 014 862(2)
70 −0.003 730 19(4) −0.004 791 85(6) −0.004 722 0(2) −0.000 170 450(6) −0.000 047 078(2)
82 −0.008 404 0(2) −0.011 977 2(2) −0.011 796 6(4) −0.000 703 91(2) −0.000 140 462(2)
92 −0.018 426 6(7) −0.028 986 6(8) −0.028 474 0(6) −0.002 473 96(6) −0.000 337 183(2)
100 −0.034 060(2) −0.058 444(3) −0.057 172(1) −0.006 696 3(4) −0.000 602 404(2)
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FIG. 1: (Color online) Nuclear-size self-energy correction, in terms of GNSE defined by Eq. (9), as a function of the nuclear
charge number Z. The upper graphs depict the ratio GNSE(Z)/(Zα) for the ns states and the function GNSE(Z) for the
npj states, in comparison with the Zα-expansion results. The lower graphs show the difference between the all-order and
Zα-expansion results for the function GNSE divided by (Zα)
2.
rb < ra is allowed and it is assumed that ra > 0. (The
special case of ra = 0 will be considered separately.) The
radial Dirac equation is (with m = 1)
G′(r) = −κ
r
G(r) + (E − V (r) + 1)F (r) , (A7)
F ′(r) =
κ
r
F (r) − (E − V (r)− 1)G(r) , (A8)
where G(r) = rg(r) and F (r) = rf(r) are the upper and
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FIG. 2: (Color online) Nuclear-size self-energy correction, in terms of GNSE(Zα,R) defined by Eq. (9), as a function of the rms
nuclear charge radius R, for Z = 92.
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FIG. 3: (Color online) Nuclear-size vacuum-polarization correction, in terms of GNVP(Zα,R) defined by Eq. (21), as a function
of the nuclear charge number Z.
lower components of the radial Dirac solution. Introduc-
ing new variables x = (r − ra)/h and h = rb − ra, the
equation is written as
(xh+ ra)G
′
x + κhG+ UhF − (xh+ ra)hF = 0 , (A9)
(xh+ ra)F
′
x − κhF − UhG− (xh+ ra)hG = 0 ,
(A10)
where U = r(V (r) − E). On the given interval, U is
represented by a cubic polynomial of x, U =
∑3
k=0 ukx
k.
The solutions are represented as power series of the form
G(x) =
nmax∑
n=0
anx
n , F (x) =
nmax∑
n=0
bnx
n , (A11)
with the coefficients a0 and b0 determined by the bound-
ary conditions a0 = G(ra) and b0 = F (ra). The coeffi-
cients an and bn are determined by the recurrence rela-
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FIG. 4: (Color online) Nuclear-size vacuum-polarization correction, in terms of GNVP(Zα,R) defined by Eq. (21), as a function
of the rms nuclear charge radius R, for Z = 92.
TABLE IV: Coefficients of the Zα expansion of the NSE cor-
rection in Eq. (10).
Term State Value Ref.
a01 npj 8/9 [4, 5]
a00 2p1/2 0.808 879 967(1) [4, 5]
np3/2 a00(np1/2)− 1 [4, 5]
a10 ns pi (−23/4 + 4 ln 2) [3, 22, 29]
np1/2 pi (379/432 − 16/3 ln 2) [6]
np3/2 pi (559/432 − 4 ln 2) [6]
alog ns, np1/2 pi
2
/6 − 15/4 [4, 22]
a22 ns −2/3 [23]
a21 np1/2 −2(n
2
− 1)/n2 [23, 30]
tions (valid for ra 6= 0)
an = − h
nra
[
(n− 1 + κ)an−1 + (u0 − ra)bn−1
+ (u1 − h)bn−2 + u2bn−3 + u3bn−4
]
, (A12)
bn =
h
nra
[
(−n+ 1 + κ)bn−1 + (u0 + ra)an−1
+ (u1 + h)an−2 + u2an−3 + u3an−4
]
. (A13)
The solutions at the end point are given by the sum of
the coefficients,
G(rb) =
nmax∑
n=0
an , F (rb) =
nmax∑
n=0
bn . (A14)
In the numerical evaluation, the recurrence relations are
applied upwards until either the desired precision or the
upper limit for n (typically, nmax = 30) is reached. In
the latter case, the interval is subdivided into two parts
and the procedure is repeated until the desired accuracy
is attained. This simple approach allows one to solve the
equation with accuracy close to the machine precision.
Now, we consider the special case of ra = 0. In this
case, the solutions are represented by the power expan-
sion of the form
G(x) = xs
nmax∑
n=0
anx
n , F (x) = xs+t
nmax∑
n=0
bnx
n , (A15)
where the parameters s and t are determined from the
Dirac equation. For κ < 0, we have (for the regular
potentials considered here) s = |κ| and t = 1. The series
start with
a0 = 1 , b0 =
h+ u1
1 + 2|κ| . (A16)
The recursion relations take the form
nan = (u1 − h)bn−2 + u2bn−3 + u3bn−4 , (A17)
(2|κ|+ n+ 1)bn = (h+ u1)an + u2an−1 + u3an−2 .
(A18)
For κ > 0, one gets s = κ + 1 and t = −1. The series
start with
a0 =
h− u1
1 + 2κ
, b0 = 1 , (A19)
whereas the recursion relations are
(2κ+ n+ 1)an = (h− u1)bn − u2bn−1 − u3bn−2 ,
(A20)
nbn = (u1 + h)an−2 + u2an−3 + u3an−4 . (A21)
Appendix B: One-potential Dirac Green function for
a general potential
For the evaluation of the self-energy correction, the
one-potential Dirac Green function G(1) is needed. Its
radial part is defined as
G(1)κ (E, r1, r2) =
∫ ∞
0
dz z2 V (z)G(0)κ (E, r1, z)G
(0)
κ (E, z, r2) ,
(B1)
10
TABLE V: Different calculations of the Wichmann-Kroll vacuum-polarization correction [Eq. (19)] to the energy levels of H-like
ions, in units ∆E/[(α/pi) (Zα)4/n3].
Z R [fm] Model 1s 2s 2p1/2 2p3/2 Ref.
36 4.230 sphere 0.002 741 99(6) 0.002 833 98(3) 0.000 083 36(4) 0.000 027 95(4)
sphere 0.002 741 8 0.002 833 7 0.000 083 4 0.000 028 0 [25]
shell 0.002 7 0.002 8 0.000 1 0.000 0 [15]
54 4.826 sphere 0.005 921 2(2) 0.006 423 4(2) 0.000 454 79(2) 0.000 114 18(5)
sphere 0.005 921 1 0.006 423 1 0.000 454 8 0.000 114 2 [25]
shell 0.005 9 0.006 4 0.000 4 0.000 1 [15]
92 5.860 sphere 0.020 679 2(5) 0.027 252 0(8) 0.006 824 1(4) 0.000 749 49(6)
sphere 0.020 678 9 0.027 251 5 0.006 824 0 0.000 749 4 [25]
shell 0.020 6 0.027 2 0.006 8 0.000 7 [15]
TABLE VI: Nuclear-size vacuum-polarization correction to the energy levels of H-like ions, in terms of the function FNVP(Zα,R)
defined by Eq. (21). Fermi model of the nuclear charge distribution is used. The nuclear charge rms radii used are listed in
Table I. For a given Z, the upper line (“Ue”) corresponds to the Uehling part and the lower line (“WK”), to the Wichmann-Kroll
part.
Z 1s 2s 3s 2p1/2 2p3/2
15 Ue 0.000 024 856 0.000 024 968 0.000 024 921 0.000 000 020 −0.000 000 016
20 Ue 0.000 047 62 0.000 048 21 0.000 048 12 0.000 000 102 −0.000 000 034
WK −0.000 006 4(2) −0.000 006(1) −0.000 006(3)
26 Ue 0.000 089 44 0.000 091 72 0.000 091 60 0.000 000 402 −0.000 000 064
WK −0.000 012 58(1) −0.000 012 9(1) −0.000 013(1)
30 Ue 0.000 131 907(2) 0.000 136 725(2) 0.000 136 601(2) 0.000 000 865 −0.000 000 092
WK −0.000 018 83(3) −0.000 019 55(9) −0.000 019 6(7)
40 Ue 0.000 304 304(4) 0.000 326 352(4) 0.000 326 510(4) 0.000 004 205 −0.000 000 188
WK −0.000 043 43(4) −0.000 046 5(1) −0.000 046 6(9) −0.000 000 9(1)
50 Ue 0.000 674 503(2) 0.000 756 416(2) 0.000 758 099(2) 0.000 016 672 −0.000 000 342
WK −0.000 092 38(7) −0.000 102 71(7) −0.000 103 07(9) −0.000 003 37(2) −0.000 000 20(2)
60 Ue 0.001 410 95(1) 0.001 673 01(1) 0.001 680 03(1) 0.000 057 40 −0.000 000 546
WK −0.000 181 6(2) −0.000 211 8(3) −0.000 212 8(3) −0.000 010 46(2) −0.000 000 49(2)
70 Ue 0.003 100 32(1) 0.003 932 42(2) 0.003 956 23(2) 0.000 197 79 −0.000 000 872
WK −0.000 367 7(4) −0.000 454 6(5) −0.000 456 8(5) −0.000 032 06(4) −0.000 001 201(4)
82 Ue 0.007 710 07(4) 0.010 779 92(6) 0.010 863 65(6) 0.000 822 122(5) −0.000 001 310
WK −0.000 821 5(7) −0.001 106 2(9) −0.001 111 4(9) −0.000 114 34(9) −0.000 003 021(4)
92 Ue 0.018 230 65 0.028 056 439(2) 0.028 275 306(4) 0.002 970 972 −0.000 001 923
WK −0.001 762 6(8) −0.002 587(1) −0.002 594(1) −0.000 361 0(2) −0.000 006 750(3)
100 Ue 0.036 429 910(6) 0.061 165 53(1) 0.061 549 11(1) 0.008 427 011(2) −0.000 002 344
WK −0.003 259(2) −0.005 184(4) −0.005 183(4) −0.000 915 4(6) −0.000 012 100(6)
where G(0) is the free Dirac Green function. Substituting
the representation (A1) for G
(0)
κ into (B1) and introduc-
ing the integral functions
J00κ (r) =
∫ r
0
dz z2 V (z)ϕ0
T
κ (z)ϕ
0
κ(z) , (B2)
J i0κ (r) =
∫ r
0
dz z2 V (z)ϕ∞
T
κ (z)ϕ
0
κ(z) , (B3)
J iiκ (r) =
∫ ∞
r
dz z2 V (z)ϕ∞
T
κ (z)ϕ
∞
κ (z) , (B4)
where ϕ
(0)
κ
(
ϕ
(∞)
κ
)
denote the regular (irregular) so-
lutions of the free Dirac equation, we write the one-
potential Dirac Green function for r1 ≤ r2 as
G(1)κ (E, r1, r2) = Φ
0
κ(r1)ϕ
∞T
κ (r2) + ϕ
0
κ(r1)Φ
∞T
κ (r2) ,
(B5)
where
Φ0κ(r) = ϕ
∞
κ (r)J
00
κ (r) − ϕ0κ(r)J i0κ (r) , (B6)
Φ∞κ (r) = ϕ
∞
κ (r)J
i0
κ (r) + ϕ
0
κ(r)J
ii
κ (r) . (B7)
For r1 > r2, the one-potential Green function is obtained
by the symmetry condition,
G(1)κ (E, r1, r2) = G
(1)T
κ (E, r2, r1) . (B8)
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Analogously to the approach used for the full Dirac
Green function, we store the functions ϕκ and Φκ on a
radial grid {ri}Ni=1 and obtain the one-potential Green
function by interpolation. The integral functions Jκ are
evaluated by numerical integration with help of Gauss-
Legendre quadratures. The integration interval (0,∞)
is breaked up at the position of the mesh points ri, so
that only one integral over (0,∞) needs to be evaluated
for a given value of E. Analogously to the case of the
full Green function, all manipulations with the regular
and irregular solutions are carried out after normalizing
them according to Eqs. (A3) and (A4), in order to pre-
vent numerical overflow and underflow. Similar method
of computation of the one-potential Green function was
used long ago by M. Gyulassy in his evaluation of the
vacuum-polarization [31].
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